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The growth of an ellipsoidal precipitate has been analysed in the mixed-mode regime for a binary
system. Under the assumption that the precipitate grows with constant eccentricities, an analytical so-
lution was developed giving the time evolution of the size of the precipitate and the non-equilibrium
concentration of the solute in the matrix. The mathematical analysis revealed that the evolution of
the growth is characterized by a constant k called the interface migration coefﬁcient. This coefﬁcient was
found to be equal to 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
yc=ac
p
, where ac is the critical size of nucleation and yc is the maximum growth
velocity attainable with the applied driving force. This velocity, which was found to be proportional to
the square root of the interface mobility, was assumed to be constant during the nucleation stage,
making ac=yc to be the nucleation time. This ﬁnding suggests that there is a close link between the
nucleation time and the mobility of the interface separating the nucleus from the matrix.
© 2016 Acta Materialia Inc. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-
ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
There is an increasing interest in the simulation of precipitation
kinetics in metals and the development of software applications
like MatCalc [1] and TC-PRISMA [2] are driven by this interest. The
models behind these applications consider that the precipitates are
spherical (or include an empirical relationship using a shape factor)
and that equilibrium prevails at the interface. To go beyond these
simple growth models, one may consider that the mobility of the
interface has a role to play and that the shape of precipitates is non
spherical.
During the precipitation of secondary phase particles, the vol-
ume fraction of the new phase evolves according to the geometry of
the particles and their growth rate. Since many real particles grow
as thin disks, it is desirable to consider the growth of idealized
ellipsoidal particles to obtain a better estimate of the volume
fraction evolution. The diffusion-limited growth of ellipsoidal par-
ticles has already been solved by F.S. Ham [3] and Harvey and Cahn
[4] but a mathematical solution of the quasi-stationary mixed
mode growth of a cylindrical, spherical or ellipsoidal precipitates
has never been reported. The mixed mode regime received very
little attention because the assumption of growth controlled byevier Ltd. This is an open access articdiffusion is a very convenient simpliﬁcation to estimate growth
rates. However, phase transformations generally occur under a
mixed mode regime [5,6], particularly during the early stages of
growthwhere the concentrations at the interface are far from those
expected by equilibrium. Nolﬁ et al. [7] presented a thorough
mathematical treatment of the mixed mode growth but considered
a stationary interface to calculate the concentration distribution in
the matrix. The stationary interface assumption, also called
invariant ﬁeld approximation [8], is another convenient simpliﬁ-
cation of the problem, but is in contradiction with the boundary
migration phenomenon under investigation. Sietsma and van der
Zwaag [9] proposed a simpliﬁed or concise theory in which they
assumed a linearized concentration distribution in front of the
growing phase and deﬁned a parameter Z which characterizes the
mode of transformation. This parameter was deﬁned as:
Z ¼ D
Mc
Aa
Va
(1)
where D is the coefﬁcient of diffusion of the solute in the matrix,M
is themobility of the interface, Aa is the interfacial area between the
precipitate and thematrix, Va is the volume of the precipitate and c
comes from the expression used to calculate the driving force
across the interface. The Z parameter characterizes the type of
growth since one can obtain all possibilities between a modele under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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by diffusion, depending of the ratio D/M. But the Z-parameter de-
pends also on the ratio Aa=Va, which is related to the size of the
precipitate. For spherical precipitates for instance, this ratio is
proportional to 1/r, where r is the radius of the precipitate. This
model was modiﬁed later by assuming an exponential proﬁle for
the solute concentration in the matrix [10,11], but the treatment
was still inherently semi-analytical. Svoboda et al. [12] took into
account the mobility of the interface by including its dissipative
contribution in an evolution equation corresponding to the
maximum total dissipation rate. This approach enables the
modeling of precipitation in multicomponent and multiphase
systems but requires a growth model assuming a uniform deposi-
tion of components in the matrix within a sphere of a given large
radius. The differential mass balance equation is therefore not in-
tegrated and the concentration of species in the matrix at the
interface is not considered. The mixed-mode regime was also
studied using numerical procedures [13,14]. The results obtained
with such methods must however be analysed carefully because of
the inﬂuence of discretization [13]. Moreover, validation of nu-
merical procedures requires exact analytical solutions to compare
both methods in situations where constant material properties are
assumed.
One common simpliﬁcation made in precipitate growth models
is to use a concentration proﬁle in the matrix and to adjust one
parameter characterizing the concentration gradient near the
interface according to a volume integration made to balance the
amount of solute in the entire system. This is the Zener method,
also known as the linearized gradient approximation [8]. This
method, which was adopted by Sietsma and van der Zwaag [9] to
model themixed-mode regime, does not provide an accurate solute
concentration proﬁle since the Fick's second law is not solved. The
error made on the concentration gradient at the interface may be
signiﬁcant. The exponential concentration proﬁle proposed by Bos
and Sietsma [10] provided maybe a more realistic case, but was still
not the solution of the Fick's second law. In the present contribu-
tion, an exact analytical solution of the Fick's second law is devel-
oped for the shape preserving growth of an ellipsoidal precipitate
under the mixed mode quasi-stationary regime. The mixed mode
character of the growth will be stated by making equal the 3 ex-
pressions determining the velocity of the interface: 1-the velocity
controlled by the mobility of the interface, 2- the velocity
controlled by diffusion (the Stefan condition) and 3- the velocity of
the frame moving with the boundary, the latter being deﬁned from
the quasi-steady state version of the Fick's second law. The velocity
of this frame will be used as a way to deﬁne a velocity which is
characteristic of the interface kinetics, the latter being linked to an
interface migration coefﬁcient called k. This parameter must be
time independent and not related to the geometry and size of the
precipitate. It will be shown that this parameter is independent
from the coefﬁcient of diffusion.
2. Mathematical analysis
The solution procedure will be developed by writing ﬁrst the
Fick's second law. A general solution will be found for the quasi-
stationary regime with the help of the ellipsoidal system of co-
ordinates. Three variables will have to be determined to obtain a
particular solution, which are the size of the precipitate, the solute
concentration at the interface and the interface migration coefﬁ-
cient k. Two boundary conditions will be applied at the interface.
The ﬁrst one is the Stefan condition, which enforces that the mass
transfer through a surface is conserved. The second boundary
condition will state that the velocity of the boundary is controlled
by the interface kinetics. This condition replaces the equilibriumassumption at the interfacemade in diffusionalmodels. To close the
problem, a third equation is needed. In the quasi-stationary regime,
one cannot set an initial condition. Instead, a characteristic velocity
must be determined. This will be done in the context of a precipi-
tate nucleating and growing up to its critical size under a regime
100% controlled by the interface kinetics.
a) Solution of the mass conservation equation
Wewill assume that mass conservation is governed according to
the Fick's second law of diffusionwith constantmaterial properties:
D$V2c ¼ vc
vt
(2)
As mentioned above, analytical solutions for the diffusion-
limited case are already available for the quasi-stationary regime.
The mathematical treatments differ but the solutions are identical.
Here, we will follow the treatment of Ham [3], who used the set of
confocal ellipsoidal coordinates. There are different set of elliptical
coordinates that can be used. The set of coordinates used in this
paper is based on the Lame notation, which is slightly different
from the one used by Ham. For that reason, and also because we
introduce the coefﬁcient k in the differential equation, we will
describe the solution from the beginning. Notice that all equations
and notations describing the set of elliptical coordinateswere taken
from the book of G. Dassios [15].
In the Cartesian coordinates, the equation:
x21
a21
þ x
2
2
a22
þ x
2
3
a23
¼ 1 ð0< a3 < a2 < a1 <∞Þ (3)
corresponds to an ellipsoid whose semiprincipal axes are of length
a1, a2, a3.
The ellipsoidal coordinates (r, m, n) are deﬁned according to the
following equations:
x21
r2
þ x
2
2
r2  h23
þ x
2
3
r2  h22
¼ 1 r22

h22;þ∞

(4)
x21
m2
þ x
2
2
m2  h23
þ x
2
3
m2  h22
¼ 1 m22

h23; h
2
2

(5)
x21
n2
þ x
2
2
n2  h23
þ x
2
3
n2  h22
¼ 1 n22

0; h23

(6)
The variables h2i are the square of the semi-focal distances of the
system:
h21 ¼ a22  a23 (7)
h22 ¼ a21  a23 (8)
h23 ¼ a21  a22 (9)
Since h21  h22 þ h23 ¼ 0, there is only two independent semi-
focal distances, which we take to be h2 and h3.
The coordinate surface r ¼ constant is an ellipsoid, while the
surfaces m ¼ constant and n ¼ constant are respectively a hyper-
boloid of one sheet and a hyperboloid of two sheets.
Eccentricities of the ellipsoids are given by:
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h3
r
and e31 ¼
h2
r
(10)
The ellipsoidal metric coefﬁcients are:
hr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  m2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  n2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  h23
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  h22
q (11)
hm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  m2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  n2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  h23
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h22  m2
q (12)
hn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  n2
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  n2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h23  n2
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h22  n2
q (13)
Notice that the coordinates (r, m, n) have dimensions of length
while the metric coefﬁcients have no dimensions.
For a growing ellipsoidal particle, we will consider that the
growth of the particle occurs with constant eccentricities. Hence, a
new set of coordinates (x,h,z) moving with the interface will be
used so that:
x ¼ r
.
kt1=2 (14)
h ¼ m
.
kt1=2 (15)
z ¼ n
.
kt1=2 (16)
H2 ¼ h2
.
kt1=2 (17)
H3 ¼ h3
.
kt1=2 (18)
Transformation of Eq. (3), gives the equation of the growing
ellipsoidal precipitate:
x21
x2
þ x
2
2
x2  H23
þ x
2
3
x2  H22
¼ k2t (19)
The new coordinates are thus ellipsoidal coordinates for which
the reference ellipsoid is an expanding version of the stationary
reference ellipsoid, Eq. (3). In his paper, Ham used a value of k¼ 1 to
solve the diffusion-limited problem. If the choice of k can be arbi-
trary in the diffusion-limited problem, wewill see that it must have
a precise value in the mixed mode regime.
We want to ﬁnd a solution of Eq. (2) where the concentration of
the species will be uniform on ellipsoids r ¼ constant so that
c ¼ cðr; tÞ. With this condition, Eq. (2) becomes:
D
hrhmhn
v
vr

hmhn
hr
vc
vr

¼ vc
vt
(20)
We consider a quasi-stationary solution of Eq. (20), so one can
write:
vc
vt
¼ V!c$d r
!
dt
(21)
where r! is the vector position of a point located on the interface.
Since x is a curvilinear coordinate and that V
!
c ¼ 0 along the unit
vectorsbh and bz, we have:V
!
c$
d r!
dt
¼ Vxc$Vxx$
vx
vt
(22)
with:
Vxc ¼
1
hx
vc
vx
(23)
and
Vxx ¼
1
hx
(24)
By deﬁnition, hx is the metric coefﬁcient corresponding to the x-
coordinate. Because (x,h,z) are an expanded version of the reference
ellipsoid, the metric coefﬁcient of the x-coordinate is equal to the
metric coefﬁcient of the r-coordinate. Indeed, with constant ec-
centricities, one can show using Eqs. (11)e(18) that hx ¼ hr.
Then Eq. (20) becomes:
Dﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  h23
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  h22
q v
vr
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  h23
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  h22
q
vc
vr

¼ vc
vx
$
vx
vt
(25)
With:
vx
vt
¼ v
vt

r
.
kt1=2

¼ 1
2
r
.
kt3=2 ¼ 1
2
x
t
(26)
And:
vr/k
ﬃﬃ
t
p
vx
One obtains from Eq. (25):
D
v
vx
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  H23
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  H22
q
vc
vx

¼ 1
2
k2x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  H23
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  H22
q
vc
vx
(27)
let:
ZðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  H23
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  H22
q
vc
vx
(28)
Eq. (27) becomes:
D
k2
dZðxÞ
dx
¼ 1
2
x$ZðxÞ
Solving for ZðxÞ, one obtains:
ZðxÞ ¼ Zðx0Þexp
 
 k
2x2
4D
!
(29)
The boundary conditions to satisfy are:
In the far ﬁeld (r ¼ ∞ and x ¼ ∞): c ¼ c
At the interface (r ¼ a1 and x ¼ x0): c ¼ c*
The integration of Eq. (28) gives a solution which can be written
as:
c c ¼ Zðx0Þ$FðxÞ (30)
where:
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Zx
∞

x2  H23
1=2
x2  H22
1=2
exp
 
 k
2x2
4D
!
dx (31)
If c ¼ c* at x ¼ x0, one has to express Zðx0Þ as:
Zðx0Þ ¼

c*  c
Fðx0Þ
(32)
Therefore:
c c ¼ c*  c	 FðxÞ
Fðx0Þ


(33)da1
dt
¼ D
a21$
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e212
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q $ c*  c
c*
b
 c*
 exp
 
 k2x
2
0
4D
!
Zx0
∞

x2  H23
1=2
x2  H22
1=2
exp
 
 k
2x2
4D
!
dx
(40)b) Boundary conditions at the interface
We want to determine the time evolution of the size of the
precipitate (a1) and the concentration of the matrix at the interface
(c*) for a value of k associated to the migration of the interface.
Here, we will suppose that k is known and constant, and we will
perform the mass balance at the interface. The ﬂux of solute at the
interface x ¼ x0 is given by:
J ¼ D 1
hx
dc
dx

x¼x0
¼ D 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20  h2
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20  z2
q Zðx0Þexp
 
 k
2x20
4D
!
(34)
If _Ns is the number of moles of solute captured per unit time by the
ellipsoidal precipitate then:
_Ns ¼ 
Z
x0
J$dS ¼ D$Zðx0Þexp
 
 k
2x20
4D
! Z
x0
dSﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20  h2
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20  z2
q
(35)
According to Dassios, the integral in the last equation calculates
the solid angle U enclosed by the surface of the particle. Therefore:Z
x0
dSﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20  h2
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20  z2
q ¼ Z
x0
dU¼ 4p (36)
and one obtains:
_Ns ¼ 4pD$Zðx0Þexp
 
 k
2x20
4D
!
(37)
We consider that the precipitate has a uniform composition and
is a non-diffusive phase. At the interface, the mass balance will
therefore be given by:_Ns ¼ 4pD$Zðx0Þexp
 
 k
2x20
4D
!
¼

c*b  c*

$
dV
dt
(38)
where c*b is the concentration of solute in the precipitate (and at the
interface) and V is the volume of the precipitate. For an ellipsoidal
particle, the volume is given by:
V ¼ 4p
3
a1$a2$a3 ¼
4p
3
a31
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e212
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q
(39)
Substituting Eq. (39) into Eq. (38), one obtains:Assuming that all elements have the same partial molar volume
irrespective of the fact they are in the precipitate or in the matrix,
the molar concentrations appearing in Eq. (40) can also designate
molar fractions. For the rest of the paper, c*,c and c*b will therefore
represent solute molar fractions.
The second boundary condition is the one related to the inter-
face kinetics. The boundary velocity da1/dt is related to the mobility
M of the interface by the following equation:
da1
dt
¼ M
Vm
$
dF
dN
*
(41)
where Vm is the molar volume of the precipitate and dF*/dN is the
driving force, which by deﬁnition is the variation of free energy per
mole of precipitate. The latter is given by (see the Appendix for the
demonstration):
dF
dN
*
¼ c*bRT ln
 
c*
c∞eq
!
 2Vmg3
a1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q (42)
The last term of Eq. (42) corresponds to the Gibbs-Thomson
effect. The variable g3 is the surface energy where the x3 eaxis
meets the interface and c∞eq represents the equilibrium solute molar
fraction of the matrix as given by the phase diagram. After insertion
of Eq. (42) into Eq. (41), one obtains:
da1
dt
¼
c*bMRT
Vm
ln
0B@ c*
c∞eq
exp
0B@ 2Vmg3
c*
b
RTa1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q
1CA
1CA (43)
Notice that equilibrium (da1/dt ¼ 0) is achieved when:
c*/c∞eq exp
0B@ 2Vmg3
c*
b
RTa1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q
1CA ¼ c*eq (44)
Fig. 1. Expected evolution of the boundary velocity of a growing ellipsoidal precipitate.
D. Larouche / Acta Materialia 123 (2017) 188e196192c) Characteristic velocity for the quasi-stationary regime (evalua-
tion of the k-parameter)
Though da1/dt is supposed to increase indeﬁnitely as t/ 0 ac-
cording to Eq. (40), interface kinetics regulated by Eq. (43) limits
da1/dt to a value, called yc, which is obtained when c* ¼ c. This
limitation occurs during the nucleation stage until a time tc, beyond
which the nucleus is stable and grows assisted by diffusion.
Considering that the growth of a nucleus up to the point where it
reaches the critical size is governed by interface kinetics, we will
assume that the size of the precipitate at t¼ tc is equal to the critical
size of nucleation a1 ¼ ac. Before tc, da1/dt will be assumed to
remain constant and equal to yc. This implies that the growthmodel
involving the diffusion in the matrix is valid only after tc. Fig. 1
depicts the expected evolution of da1/dt.
One can calculate yc by setting c* ¼ c in Eq. (43):
yc ¼
c*bMRT
Vm
ln
 
c
c*eqðtcÞ
!
(45)
where c*eqðtcÞ is given by Eq. (44) and tc is estimated by:
tc ¼ ac
yc
(46)
Now, we have to determine the interface migration coefﬁcient k.
In the adaptation of the Fick's second law of diffusion to account for
a moving boundary, we have assumed that the boundary velocity is
equal to d r!=dt. The negative sign is explained by the fact that in
Cartesian coordinates, the velocity Vr of amoving reference frame x0
is related to the stationary reference frame x by the following
transformation:
x0 ¼ x Vr$t (47)
It is clear from Eq. (47) that:
Vr ¼ dx
0
dt
(48)
With the ellipsoidal set of coordinates, the velocity of a x-
boundary is therefore given by:
Vr ¼ Vxx$
vx
vt
¼  1
hx
$
vx
vt
¼ 1
hr
$
r
2kt3=2
(49)
The ellipsoidal (r, m, n) to Cartesian (x1, x2, x3) transformation ofpoints in the octant where x1, x2, x3 are all positive is given by:
x1 ¼
rmn
h2h3
(50)
x2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  h23
q
$
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  h23
q
$
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h23  n2
q
h1h3
(51)
x3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  h22
q
$
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h22  m2
q
$
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h22  n2
q
h1h2
(52)
The boundary velocity da1/dt is determined along the x1 axis at
the tip of the ellipsoid (x1¼ a1, x2¼ 0, x3¼ 0), which corresponds to
the coordinates (r ¼ a1, m¼ h3, n ¼ h2). At this tip, we have from Eqs
(49) and (11) that:
Vrða1; h3; h2Þ ¼
a1
2kt3=2
(53)
At t ¼ tc, a1 ¼ ac and then:
yc ¼ Vrðac;h3; h2Þ ¼
ac
2kt3=2c
(54)
From Eqs (46) and (54), we ﬁnally ﬁnd that:
k ¼ 1
2
ﬃﬃﬃﬃﬃ
yc
ac
r
(55)
It is worth to mention that according to this relationship, the
interface migration coefﬁcient k is proportional to the square root
of the mobility of the interface but is independent of the coefﬁcient
of diffusion.
d) Calculation of the particular solution
To calculate the values of c* and a1 for a given time, we just have
to resolve two equations The ﬁrst one is obtained by enforcing the
equality between the velocity of the moving frame (Eq. (53)) and
the velocity of the interface (Eq. (43)) so that we have:
a1
2kt3=2
¼
c*bMRT
Vm
ln
0B@ c*
c∞eq
exp
0B@ 2Vmg3
c*
b
RTa1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q
1CA
1CA (56)
Expressing c* as a function of a1, one obtains:
c* ¼ c∞eq exp
0B@ Vm$a1
2c*
b
MRT$kt3=2
þ 2Vmg3
c*
b
RTa1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q
1CA
¼ c*eq exp
 
Vm$a1
2c*
b
MRT$kt3=2
!
(57)
The second equation is obtained by enforcing the equality be-
tween the velocity of the moving frame (Eq. (53)) and the velocity
calculated from the mass balance at the interface (Eq. (40)).
Therefore:
a1
2kt3=2
¼ D
a21$
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e212
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q $ c*  c
c*
b
 c*
 exp
 
 k2x
2
0
4D
!
Zx0
∞

x2  H23
1=2
x2  H22
1=2
exp
 
 k
2x2
4D
!
dx
(58)
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coordinate r, one obtains:
c c*
c*
b
 c* ¼
a31
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e212
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q
2D$t
exp
 
a21
4D$t
! Z∞
a1
	
r2  e212a21
1=2

r2  e231a21
1=2
exp

 r
2
4D$t


dr
(59)
Examination of this equation shows that the coefﬁcient k is
present only via the interface concentration c*. If one assumes that
the interface migration coefﬁcient k/ ∞, it follows that c*/c*eq
according to Eq. (57), and one recovers the solution obtained by
previous authors for the diffusion-limited case. Once Eq. (57) is
inserted into Eq. (59), the latter can be solved for a1 at any time t.
Putting back the result in Eq. (57), one obtains the corresponding
value of c*.3. Results of the model
In the Al rich corner of the Al-Cu system, thin semi-coherent
platelets of q0-Al2Cu can nucleate and grow from the supersatu-
rated solution during the aging treatment. We will consider a q0-
Al2Cu precipitate growing as an oblate spheroid in the face-
centered cubic aluminium matrix (fcc phase). Following the argu-
ments of Stobbs and Purdy [16], the thickness of the nucleus (2a3)
will be assumed to be 3.5 times the height of the tetragonal unit cell
of the q0-Al2Cu phase (0.58 nm), giving 2a3 ¼ 2.0 nm. This value isFig. 2. Calculated evolutions of the radius of an oblate spheroid q0-Al2Cu precipitate
growing in an Aluminium matrix containing 0.03 M fraction of Cu.close to 5 times the size of the unit cell of the fcc phase (0.404 nm),
which gives a misﬁt of 0.5% only between the phases. We will take
an aspect ratio of 20 so that a1 ¼ a2 ¼ 20 nm. Precipitation is going
to occur in a matrix having a Cu molar fraction c ¼ 0.03 at a tem-
perature of 480 K and a pressure of 101 kPa. Under these conditions,
the molar fraction of Cu in the matrix in equilibrium with the q0-
Al2Cu phase is c∞eq ¼ 5.096  104. This composition was calculated
with the software MatCalc v. 5.62 [1], using the database assessed
by Povoden-Karadeniz [17]. The molar fraction of Cu in the pre-
cipitate is c*
b
¼ 0.333 and the molar volume of the precipitate is
Vm ¼ 1  105 m3/mol. The coefﬁcient of diffusion of Cu in the fcc
phase was calculated from the following equation:
D ¼ D0$expðQ=R$TÞ (60)
where D0 ¼ 5.880  105 m2 s1, Q ¼ 125 kJ mol1[18], R is the
universal gas constant and T is the temperature in Kelvin. Finally,
the surface energy g3 was given a typical value of 0.091 J m2[6].
Having no data for the mobility of the q0-Al2Cu-aluminium matrix
interface, we decided to present solutions with different values of
M in order to point out how this parameter affects the growth.
The calculated time evolution of the radius (a1) of the q0-Al2Cu
precipitate is presented in Fig. 2 for the diffusion-limited case
(k¼∞) and for 3 values ofM. The growth is clearly parabolic for the
diffusion-limited case and deviates from this behaviour if the
mobility of the interface is ﬁnite. Notice that without the Gibbs-
Thomson effect, which produces a variation of c* as the growth
progresses, the time dependence of a1 would be exactly parabolic
(a1 f t0.5) in the diffusion-limited case. All curves converge to a
single one as the time goes by, which is a consequence that the
diffusion-limited regime dominates for a much longer time thanFig. 3. Calculated evolutions of the molar fraction of Cu at the interface of an oblate
spheroid q0-Al2Cu precipitate growing in an Aluminium matrix containing 0.03 M
fraction of Cu.
Fig. 4. Calculated evolutions of the interface velocity of an oblate spheroid q0-Al2Cu
precipitate growing in an Aluminium matrix containing 0.03 molar fraction of Cu.
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conclusion stands because c remains constant as the precipitate is
growing, so that any difference exhibited at the beginning will
gradually vanish in time. The mixed-mode character of the growth
is best visualized in Fig. 3 where the time evolution of the matrix
interface concentration c* is plotted. Lower values of M make the
growth to occur with a high value of c* over a longer period of time.
Since the nucleation time tc and the critical size of nucleation ac are
linked to the growth rate ycvia Eq. (46), it happens that longer times
are needed to nucleate a precipitate of a given critical size when the
mobility of the interface is lower. This is quite logic with the
assumption that the growth rate of a nucleus is entirely governed
by interface kinetics. Notice that the variation of c* obtained in the
diffusion-limited case is due to the Gibbs-Thomson effect as
mentioned above. This effect becomes negligible when the size of
the precipitate becomes very large, so that c*/ c∞eq when t/ ∞.
The time evolution of the growth rate, da1/dt, is shown in Fig. 4.
Clearly, the calculated evolution of da1/dt is not exactly as expected.
At low values of M, one can see that da1/dt increases after tc until it
reaches a maximum and then decreases gradually. The acceleration
giving a maximum occurs if the size of the precipitate is small and
the mobility of the interface is low. In these conditions, one can say
that the diffusion kinetics is more efﬁcient than the interfacial ki-
netics so, upon the activation of the diffusion mechanism, the
interface can move momentarily at a higher speed. It is interesting
to notice that, at the beginning of growth, the velocity of the
interface in the mixed mode regime can be lower or larger than the
velocity limited by diffusion depending of the mobility of the
interface. Finally, if a too large value for M is tried, one obtains a
solution where a1 < ac. So, if ac is accurately known, acceptable
values of M will have to be above a certain value. In the example
provided in this paper, it was found that the value of M should be
above 1  1019 m4J1s1 if the critical radius of the nucleus is
20 nm and its aspect ratio is 20.
4. Discussion
The originality of the solution developed in this paper stands on
the manner we have set the “initial” condition to reﬂect the
sequence of events starting from nucleation. In principle, the so-
lution of a quasi-stationary problem requires that a steady-state
condition is set by imposing a velocity to an interface. In the caseof a precipitate nucleating after a series of random events, it was
thought appropriate to choose the nucleation time tc as the starting
point of the mixed mode regime of growth. We have assumed that,
when a nucleus grows up to its critical size, its growth rate is
entirely governed by the random jumps occurring across its
boundary and consequently, the interface kinetics controls at 100%
the growth rate until that point. During that phase of nucleation,
the surroundingmatrix remains at nominal concentration since the
number of atoms forming the nuclei is too small to make a
measurable difference. The initial growth rate was therefore set
equal to yc ¼ c*bMRT$V1m lnðc=c*eqÞ, which is the maximum velocity
expected when the only driving force for boundary migration is the
chemical potential difference across the interface. Assuming that
the nucleus grows at a constant rate up to the point it reaches its
critical size ac, we have demonstrated that the mixed-mode regime
is regulated by an interface migration coefﬁcientk ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
yc=ac
p
. The
latter expression can be rewritten as: k ¼ 12t
1=2
c , which suggests
that there is a link between the mobility of an interface and the
nucleation time of the precipitate. This link could eventually be
used to assess the mobility of an interface under different tem-
perature and composition.
A high value of k implies a rapid transition from the interface-
limited regime to a regime strongly limited by diffusion. So, if the
nucleation time is very short, the regime will rapidly be dominated
by diffusion. However, a pure diffusion-limited regime will never
be obtained since a ﬁnite driving force, even very small, is always
required for the migration of an interface.
Growth was assumed to occur under the condition that the
shape of the precipitate is preserved. This condition is fulﬁlled if,
right at the beginning, the shape of the precipitate conforms to the
equilibrium shape predicted by the Wulff construction. This is a
reasonable assumption as long as the concentration of the solute is
dilute and that the surface energy does not change drastically
during the growth regime.
Themodel presented in this paper is based on a quasi-stationary
solution of the Fick's second law, which is a more rigorous math-
ematical analysis than those based on the invariant ﬁeld approxi-
mation or the linearized gradient approximation. Using the latter
approximation, Sietsma and coworkers provided maybe a concise
theory of themixed-mode growth, but their Z parameter, as deﬁned
by Eq. (1), cannot be considered as a fundamental characteristic of
the interface kinetics since it depends on the size of the precipitate
and the coefﬁcient of diffusion. We have shown that it was possible
to solve analytically the problem of the quasi-stationary mixed
mode growth of a precipitate by considering a parameter k, deﬁned
from a coordinate transformation, which has a non-arbitrary value
if it is associated to the mobility of the interface and the overall
driving force. The reasonwhy this parameter was not considered in
diffusional growth models comes from the fact that it appears on
both side of the Stefan condition and disappears (they divide one
each other) when the equilibrium is assumed at the interface. So, its
value is arbitrary in this case. In his paper Ham [3] used a value of 1
for k while Horvay and Cahn [4] used a value of 2. In spite of the
different choices they made, one can show that both authors got
the same ﬁnal solution. In the present model, the k-parameter re-
mains in the equations because of the second boundary condition
involving the mobility of the interface. It becomes therefore a
characteristic of the interface kinetics.
5. Conclusion
An analytical solution giving the time evolution of the size of an
ellipsoidal precipitate growing with constant eccentricities was
developed assuming a quasi-stationary mixed-mode regime and
constant material properties. It was established that the pace at
D. Larouche / Acta Materialia 123 (2017) 188e196 195which the growth regime transit from the interface to the diffusion
control mode is characterized by a parameter called the interface
migration coefﬁcient k ¼ 12t
1=2
c , where tc is the nucleation time.
This coefﬁcient determines how the concentration of species
evolves in time at the interface of thematrix. It is time invariant and
can be considered as a fundamental characteristic of the migration
phenomenon.Appendix
For a precipitate b growing at the expense of a matrix a, the
driving force for boundary migration dF*/dN is given by Ref. [19]:
dF
dN
*
¼
X
i
cib*

ma*i  mb*i

(A.1)
where ci
b* is the molar fraction of element i in the precipitate and
m4*i is the chemical potential of element i in phase 4 ¼ a or b at the
interface.
When a particle is in equilibrium with its surrounding matrix,
the surface free energy variation per mol of the particle is given by
Refs. [6,20]:
dFs
dN
¼
X
i
cib*

maiðeqÞ  ma∞iðeqÞ

(A.2)
This is known as the Gibbs-Thomson effect. In this equation,
maiðeqÞ is the chemical potential of element i in phase a when the
particle of a given size and shape is in equilibrium with the matrix
and ma∞iðeqÞ is the chemical potential of element i in phase awhen the
interface is planar and the system at equilibrium.
Since the composition of the precipitate is considered invariant
and equal to the equilibrium composition, one can set mb*i ¼ maiðeqÞ in
Eq. (A.1), so one obtains:
dF
dN
*
¼
X
i
cib*

ma*i  maiðeqÞ

(A.3)
Inserting Eq. (A.2) into Eq. (A.3), one obtains:
dF
dN
*
¼
X
i
cib*

ma*i  ma∞iðeqÞ

 dFS
dN
(A.4)
We will consider that the chemical thermodynamic factor is
constant for solute concentrations in the interval ½c∞eq ; c,so that Eq.
(A.4) can be written for a binary system as:
dF
dN
*
¼

1 c*b

RT ln
 
1 c*
1 c∞eq
!
þ c*bRT ln
 
c*
c∞eq
!
 dFs
dN
(A.5)
where the subscript and the superscript referring to the element i
and phase a were removed from the variable c to designate the
molar fraction of solute in phase a. In a dilute matrix phase, the
molar fractions c* and c∞eq are much smaller than 1, so one can
neglect the ﬁrst term in the right hand side of Eq. (A.5) and write:
dF
dN
*
zc*bRT ln
 
c*
c∞eq
!
 dFS
dN
(A.6)
In its generalization of the Gibbs-Thomson equation for a shape
invariant particle having full inversion symmetry, which is the case
for the ellipsoid, Johnson [21] shown, using the construction given
by Wulff [22], that:dFS
dN
¼ 2VmgðbnÞ
lðbnÞ ¼ 2Vmgjlj (A.7)
where:
lðbnÞ ¼ r!$bn (A.8)
The vector r! has the same deﬁnition as the one used in Eq. (21)
and bn is the surface orientation unit vector. If the shape is invariant,
it follows that it corresponds to the equilibrium shape of the par-
ticle. For an ellipsoidal particle, one can choose any orientation as
the reference. Choosing the x3 axis, one can write:
dFS
dN
¼ 2Vmg3
a3
(A.9)
For a thin oblate spheroid, a3 corresponds to the half thickness
of the particle and g3 to the interfacial energy where the curvature
is the lowest. Finally, Insertion of Eq. (A.9) into Eq. (A.6) gives:
dF
dN
*
¼ c*bRT ln
 
c*
c∞eq
!
 2Vmg3
a3
(A.10)
Since:
a3 ¼ a1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q
(A.11)
one ﬁnally obtains:
dF
dN
*
¼ c*bRT ln
 
c*
c∞eq
!
 2Vmg3
a1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e231
q (A.12)
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